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Abstract 

The absorption of photons and fermions into fonr-dimensional black holes is described 
by eqnations which in certain cases can be analyzed nsing dyadic index techniqnes. The 
resnlting absorption cross-sections for near-extremal black holes have a form at low energies 
snggestive of the effective string model. A conpling to the effective string is proposed 
for spin-0 and spin-1/2 helds of pnre N = 4 snpergravity which respects the nnbroken 
supersymmetry of extreme black holes and correctly predicts dilaton, axion, and fermion 
cross-sections up to an overall normalization. 
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1. Introduction 


Microscopic models of near-extremal black holes in terms of effective strings have 
recently been employed with great snccess to explain the Bekenstein-Hawking entropy [1, 
2, 3, 4, 5]. These models have also proven their value by correctly predicting certain 
Hawking emission rates and absorption cross-sections at low energies [6, 7, 8, 9, 10, 11, 12, 
13, 14, 15, 16, 17, 18, 19, 20], 

The many successful predictions have all been for scalar particles. Most in fact have 
been for minimally coupled scalars. Usually it is said that minimally coupled scalars are 
those whose equation of motion is □(/> = 0. This is a slight misnomer: a more precise way 
to say it is that when the equations of motion are linearized in small fluctuations around 
the black hole solution under consideration, one of them is simply Dhc/) = 0. Fortunately, it 
is usually easy to see which scalars in the theory are minimally coupled: for example, when 
one obtains a 5-dimensional black hole by toroidally compactifying the Dl-brane D5-brane 
bound state, the off-diagonal gravitons with both indices lying within the D5-brane but 
perpendicular to the Dl-brane are clearly minimally coupled scalars in the 5-dimensional 
theory. 

As a starting point in the study of particles with nonzero spin, it is easiest to consider 
minimally coupled photons or fermions. For photons, minimally coupled means that the 
relevant linearized equation of motion is 

= 0 , ( 1 ) 

and for chiral fermions it means 

= 0 . ( 2 ) 

Minimally coupled fermions in arbitrary dimensions were studied in [21]. The authors of 
[21] correctly point out that the fermions in supergravity theories do not in general obey 
minimally coupled equations of motion in the presence of charged black holes. Likewise, 
it is not usually the case that photons will be minimally coupled in the presence of a 
supergravity black hole solution. Indeed, it seems that the gauge helds which carry the 
charges of the black hole are never minimally coupled: there is mixing between them and 
the graviton. 

However, for the case I shall study, the equal charge black hole [22] of = 4 super¬ 
gravity [23, 24, 25, 26], two of the four Weyl fermions are in fact minimally coupled, as are 
four of the six gauge helds. The same black hole provided the simplest framework in which 
to study hxed scalars [27]. Its metric is that of an extreme Reissner-Nordstrom black hole. 
In [18] it was shown that an effective string model is capable of reproducing the minimally 
coupled scalar cross-section of the Kerr-Newman metric, in the near-extremal limit. The 
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effective string picture carries over naturally to the equal charge extreme black hole in 
N = 4 supergravity and its near-extremal generalization. The recent work [20] presents 
evidence that the effective string can model a much broader class of black holes which 
have arbitrary 17(1) charges and are far from extremality. The essential features of the 
effective string, however, seem much the same in all its four-dimensional applications. I 
will show that minimally coupled fermions can be incorporated naturally into the effective 
string picture through a coupling to the supercurrent. Minimally coupled photons ht in in 
a somewhat unexpected way: the coupling of the gauge held to the string seems to occur 
via the held strength rather than the gauge potential. 

The organization of the paper is as follows. In section 2, the black hole solutions 
are exhibited and the minimally coupled photons are identihed. In section 3, separable 
equations are derived for these photons. In section 4, these equations are solved to yield 
absorption cross-sections. The parallel analysis of minimally coupled fermions is postponed 
to section 5, in which also the axion cross-section is computed. The axion turns out to 
have the same cross-section as the dilaton, not because it is a hxed scalar in the usual sense 
of attractors [28, 29], but because of a dynamical version of the Witten ehect. Section 6 
discusses the ehective string interpretation of these cross-sections. Although the overall 
normalizations of the cross-sections are not computed, it is shown that the effective string 
correctly reproduces the relative normalization of the dilaton, axion, and minimal fermion 
cross-sections. Some concluding remarks are made in section 7. Appendix A presents some 
results of the dyadic index formalism needed for the rest of the paper. 


2. Minimally coupled photons in 77 = 4 supergravity 

The helds of the SU{4) version of = 4, d = 4 supergravity [26] are the graviton e“, 
four Majorana gravitinos '0^, three vector helds three axial vectors SJ), four Majorana 
fermions y*, the dilaton (/>, and the axion B. The doubly extreme black hole of [22] is 
electrically charged under Ag, magnetically charged under and neutral with respect 
to the other four gauge helds. These four extra gauge helds are minimally coupled photons, 
as we shall see shortly. 

The full bosonic lagrangian of = 4 supergravity in the SU (4) picture is 


^ 


-R + + 2e^^{d^Bf - e-2^En(^n + Gl) 


- 2iBY,niFn * Fn + Gn* Gn) 


( 3 ) 


where Fn = dAn and Gn = dBn- The conventions used here are those of [22]. In particular, 
Hodge duals are dehned by 
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^^lypcr 




( 4 ) 
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where €0123 = ^trBcj) — —i- The equations of motion following from (^) are 


+ 2iB * FH’^) = 0 
V^(e-2'^G'r + 2iB * = 0 

□ ^ + Gl) - 2 e‘‘*(a„B)" = 0 

AJ. (5) 

nB + Ad^^^d^B + ^e-^^ZniFn *Fr,+Gr,*Gr,) = 0 

+ 2d^ct)d,^ + 2e^^d^Bd,B - e- 2 ^En( 2 TnMATn/ - 

F 2GnnxGn,y^ — ^g^T^G^) = 0 . 

Including the fermions introduces extra terms into these equations involving fermion bi- 
linears. These terms affect neither the black hole solution nor the linearized bosonic 

equations around that solution since the fermions’ background values are zero. Duals of 

the held strengths Fn and Gn are dehned by 

F = ie~^^ *F- 2BF . ( 6 ) 

Fn and G^ are closed forms by the equations of motion (|]). In the 5'0(4) version of = 4 
supergravity, one writes Gn = dBn- 

The equal charge, axion free, extreme black hole solution is 

^ (1 + M/r) 2 ^^^ M/r) 2 (dr 2 + r^dn‘^) 

Fs = Qvols^ Gs = PV0I52 
e2<^ = 1 B = 0 . 


The electric charge Q, the magnetic charge P, and the mass M are related by Q = P = 
M/\f2. By dehnition, V 0 I 52 = sin^d^ A dcf). Gauss’ law for the electric and magnetic 
charges reads 



( 8 ) 


Keeping the charges Q and P hxed but increasing the mass, one obtains the non-extremal 
generalization of (^: 

ds‘^ = ^de - f {h-^dr^ + r^dn^) 

F3 = Qvols^ G3 = PV0I52 
= 1 5 = 0 
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where 




/ = 1 + 


ro sinh^ a. 


The mass, charges, area, and temperature of this black hole are given by 


( 10 ) 


M = — cosh 2a 
2 


A = 47 rrQ cosh^ a 


Q = P = 
T = 


rp 

2^2 

1 


sinh 2 Q; 


( 11 ) 


Aurp cosh a 


Taking a —>■ oo with Q and P held hxed, one recovers the extremal solution (|^. 

A crucial property of and (^), without which there will be no minimally coupled 
photons, is the vanishing of the dilaton. This happens only when Q = P. The situation 
is similar to the case of hxed scalars, where the Q = P case [27] was much easier to deal 
with than the Q ^ P case [30]. 

When the equations (|^) are linearized around the solution (P), the variations 5F^'^ 
and 5 (^ 3 ^ appear in all the equations of motion because the background values of and 
G 3 are nonzero. But because Fi, F 2 , Gi, and G 2 do have vanishing background values (as 
does the axion B) the variations of these gauge helds appear in the linearized equations 
only as 

= 0 , ( 12 ) 

where F = hFi, 5 ^ 2 , 5Gi, or 5G2- Including e~‘^^ in (|2]) was unnecessary since it is 
identically 1 when the charges are equal; but ( P! 2 |) is still the right linearized equation of 
motion for these helds when the charges are unequal (provided the background value of 
the axion remains zero). Surprisingly enough, a non-constant dilaton background makes it 
much more difficult to decouple the equations for diherent components of the gauge held. 


3. Separable equations for gauge fields 

Having shown that minimally coupled gauge helds do indeed exist, let us now show 
how to solve their equations of motion. The dilaton background will be kept arbitrary just 
long enough to observe why it makes the job much harder. The goal of this section is to 
convert Maxwell’s equations 


dF = Q = 0 (13) 

into decoupled separable diherential equations. The equation of motion for the vector 
potential A, 

d*e-^^dA = 0 , (14) 

does not lend itself to this task. It turns out to be easier to dispense with A altogether and 
analyze Maxwell’s equations, ( 0 , directly. Even this is quite challenging if one sticks to 
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the traditional tools of tensor analysis. Fortnnately, several anthors [31, 32, 33] in the 60’s 
and 70’s worked ont an elegant approach to this sort of problem nsing Penrose’s dyadic 
index formalism [34], Appendix A provides a snmmary of some of the standard notation. 

The held strength F^i, (six real qnantities) is replaced by a symmetric matrix $Ar 
(three complex qnantities) nsing the eqnation 

= ^ArCAr + ^Af^Ar • (15) 

Now dehne (/>!, (/)o, and 4>-i as follows: 

</>! = $00 = 

(po = $10 = $01 = (16) 

(p-i = $11 = 

where n^, m^, and form the complex nnll tetrad (see the appendix). In the 
literatnre, it is more common to write (/)o, (/>i, and (^2 instead of (/>!, (/)o, and (p-i. The 
present convention has the advantage that the snbscript is essentially the helicity. 

The Bianchi identity dF = 0 can be rewritten as Using this 

identity one can rewrite the eqnation of motion d * e~‘^‘^F = 0 as 

D^A^a^ = i(arre“^'^)($^^e^^ + . (17) 

One immediately sees that the eqnations simplify greatly if the conpling = 1. If 

this is not the case, then becanse the right hand side involves $Af ^Ar, the 

advantage of compressing the real held strength components into complex components of 
$Ar is lost. In this case, I have been nnable to deconple the eqnations. It is striking that 
the condition for Maxwell’s eqnations to be simple is the same as the condition fonnd in 
[27, 11] for the hxed scalar eqnation to deconple from Einstein’s eqnations. 

Let ns proceed with the case where — 1, so that Maxwell’s eqnations can be 

snccinctly written as Il^^$Ar = 0. The spin coefEcients for the general spherically 
symmetric metric, 

ds^ = (^ 5/2 ^ 

are presented in (A. 18). Six of them vanish, and the remaining six can be expressed in 
terms of 7 , p, and a, which are real. Maxwell’s eqnations written ont in components 
therefore take on a particnlarly simple form: 

(A - 27 + p)(pi = d(pQ 

(D - 2p)(f)Q ^ {S - 2a)(f)i 

(A + 2p)(/)o = (5 - 2a)(f)-i 
(D + 27 - p)(/)-i = S(f)o . 
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The form of Maxwell’s equations in a more general metric can be found in [34]. 

A straightforward generalization of the preceding treatment can be given for helds of 
arbitrary nonzero spin. The simplest Lorentz covariant wave equation for a massless held 
of spin n/2 is 

=0 ( 20 ) 


where tI/Ai...A„ is symmetric in all its indices. The case n = 1 gives the Weyl fermion 
equation. The case n = 2 is, as we have seen, Maxwell’s equations in vacuum. The case 
n = 4 can be obtained by linearizing pure gravity around Minkowski space, as discussed 
in section 5.7 of [35]. The case n = 3 can be obtained in Minkowski space from the 
massless Rarita-Schwinger equation, as follows. The constraint = 0 is imposed on 

the Rarita-Schwinger held 


cT^^^V’ArA ^ 


( 21 ) 


to project out the spin-1/2 components. This constraint is equivalent to making V’afA 
symmetric in its two undotted indices. In the supergravity literature, the equation of mo¬ 
tion is usually written as = 0 where Tpcr = dptf^a —da'^p- The original paper 

by Rarita and Schwinger [36] (see also p. 323 of [37]) proposes = 0 as the equation of 
motion. Using the constraint one can show that both are equivalent to = 0. As 

a result, the held strength 

Taef = (22) 


is symmetric in all its indices and obeys the n = 3 case of (pO]). 

Although the cases n = 3 and n = 4 of (|^) are not in general the correct curved- 
space equations of motion for the gravitino and graviton, and although for n > 2 there are 
problems dehning local, gauge-invariant number currents and stress-energy tensors, still 
a brief investigation of (^) serves to illustrate some of the general features one expects 
for helds of higher spin. Furthermore, the near-Minkowskian limit of the equations I will 
derive should be close in form to the actual graviton and gravitino equations far from a 
black hole. 

Dehne helicity components according to 




Ai...A^ 



(23) 
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Then can be written out in components. There are 2n equations: 

(A — 77-7 + = (5 + (n — 2 )q;)'0:|_i 

[D — {n — 2)7 — np)'tpq-i = {5 — 

(A - 2 s 7 + (f + 1 - s)p)'i/js = {S + (2s - 2)a)'0s_i 
{D - (2s - 2)7 - (f + s)p)'0s-i == (5 - 2 sq;)V^s 


(A + (n — 2)7 + npj'i/j-i^-^i = [S — na)'ilj-^ 

(T> + 777 - = (5 + (77 - 2 )q;)' 0 _.|+i 


The equations (|^) are invariant under PT, which sends ips '^-s, 7 ^ 
D A, 5 S. 

The commutation relations 

[D, h] = pS [D, a] = pa [A, 5] = —p5 [A, a] = —pa 


- 7 , P 


(25) 


are easily established by direct computation. They can be used to convert the pair of 
equations in (^4[) relating t/’s and t/’s-i into decoupled second order equations for t/’s and 
'ips-i separately. In this way one obtains 

(I) - (2s - 2)7 - (f + 1 + s)p) (A - 2 s 7 + (f + 1 - s)p) 


(26) 


— (5 + (2s — 2 )q;) (5 — 2sq;) ips — 0 
(A - (2s + 2)7 + (f + 1 - s)p) [D - 2 s 7 - (| + 1 + s)p) 

— (5 — (2s + 2 )q;) (5 + 2sq;) t/’s = 0 . 

The hrst of these can be derived for s > —nj2, while the second can be derived for s < n/2. 
In fact they are different forms of the same equation, which can be written out more simply 
in terms of the helds 

= ebfo+(t-hl+i)c^^ ('27) 


as 


ips = 0 for s > 0 


(T> + (2 — 4 s)7 — 2sp) A — (5 + (2s — 2 )q;) (5 — 2sq;) 

(a — (2 + 4s)7 — 2sp)D — (5 — (2s + 2 )q;) (5 + 2sq;) ips = 0 for s < 0. 
More explicitly, 

+ ((1 - 2|s|)A' -B' + 2|s|C")a, - + 2s 6“^+^(A' - C')dt 


(28) 


+ e 


2B-2C 


(9g + cot Odg + csc^ 98“^ + 27s cot 6 esc Od^j) — s^ cot^ 6* — |s|) 4>s = Q 


(29) 
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for all values of s, positive and negative. It is interesting to note that there is no explicit 


dependence on the spin n/2 of the particle in only on its helicity s. In practice we 
will mainly be interested in the equations for V’±f since these are the only components 
that can be radiative. The fact that the equations for these radiative helds are identical to 
equations obeyed by non-radiative components of helds of higher spin suggests that mixing 
of different spins is possible. Such mixing between photons and gravitons was observed by 
Chandrasekhar in his analysis of perturbations of the Reissner-Nordstrom black hole [38]. 

Equations similar to (^) were worked out for the Kerr metric by Teukolsky [31, 32]. 
In that case, only the equations for the radiative helds turned out to be separable. But in 


the present context, spherical symmetry makes the separability of (|^) trivial: the general 
solution is 

r, 0, (j)) = e~'^‘^^Rsi{r)Ys£m{0, </>) (30) 

where Yg£rn is a spin-weighted spherical harmonic [39] and Rs£{r) satishes the ODE 

+ ((1 - 2\s\)A' -B' + 2\s\C')dr + - 2siue-^+^{A' - C') 


^2B-2C 


(£+ |s|)(£- |s| + 1) 


Rs£ = 0 . 


(31) 


The minimal value of £ is |s|. In the case of photons, I > 1 indicates that the helds of 
lowest moment that can be radiated are dipole helds. For fermions, £, s, and m are all 
half-integer. 


4. Semi-classical absorption probabilities 

Returning now to the case of photons, let us investigate how an absorption cross- 
section can be extracted from a solution to (0. Section |^.l derives a formula for the 
absorption probability. In section |^.2 matching solutions are exhibited and absorption 
probabilities calculated for the black holes (0) and (P). 


4 . 1 . Probabilities from energy fluxes 

For the photon as for other helds of spin greater than 1/2, there is no gauge invariant 
number current analogous to = ^(j)d ^(j) for spin 0 and spin 1/2. In 

order to count the photons falling into the black hole, it is therefore necessary to examine 
the energy hux through the horizon and adjust for the gravitational blueshift that the 
infalling photons experience. The stress-energy tensor can be written in terms of ^1, (f>Q, 
and (f-i: 






-I- c.c. 


( 32 ) 








Consider a sphere 3“^ located anywhere outside the horizon. Taking into account the 
blueshift factor as described, the number of photons passing through S'^ in a time interval 
[0,t] is 

N = — [ *(Ttrdr) = — f JF V0I52 (33) 

J u) J 

52x[0,t] 52 

where V0I52 = sin^d^ A d(f), and 

T - (34) 


is essentially the radial photon number flux. 

The goal now is to hnd an approximate solution to (^) for photons whose wavelength 
is much longer than the size of the black hole, and to extract from it an absorption 
probability and cross-section. The dominant contribution to this absorption comes from 
dipole helds. 

Far from the black hole, (^Ij) for dipole helds simplihes to 


\-,2 2 2 si 

d„ -\—dp -\-l -\ - 


i? = 0 


where p = ur. The general solution to (^) with s = 1 is 

1 


R = 2ae 


-ip 


1-1 






+ b— . 


(35) 


(36) 


The general solution with s = — 1 is just the conjugate of (|^). By using (^^ (pQ can be 
calculated as well. Let us choose the spatial orientation by setting m = 0 in (|3D|). Then 
the hnal result is 


(^1 = 


sind 

cos 6 
sind 


2ae~^P 
^/2i 


i-i- 1 




+ b^ 


u 


ae 

ip 


-%p 


P 2p2 

1 - 1 1 + he-^P 

P 


1 + 


+ 26e*M 1 + 1 -T^ 
P 2p^ 



(37) 


It is clear from (|37|) that (/)_i is the radiative component of the held for outgoing waves, 
while (pi is the radiative component for ingoing waves. 

The boundary conditions at the horizon [32] require the radial group velocity to point 
inward. It can be shown that pi remains hnite at the horizon while p-i vanishes. Nor¬ 
malizations are hxed by requiring \pi\^ —> sin^ 9 at the horizon. The net hux of photons 
into the black hole can be computed in two ways: 


at the horizon: = — sin^ 9 

at inhnity: = \P-i\'^ - \pi\^ = 4 (|6p - |ap) sin^ d . 


(38) 


9 
















The two must agree, J^h = -^oo, and so |a|^ = |6p + 1/4. One can thus easily perceive the 
equivalence of the two common methods for computing the absorption probability. The 
hrst examines the dehcit in the outgoing flux compared to the ingoing flux: 


l-P 


r 


out 


'Tin 

^ oo 


1^ 

I n 12 


(39) 


while the second simply compares the flux on the horizon to the ingoing flux at inhnity: 


P 


'Tin 

oo 


1 

4|ap 


(40) 


For low-energy photons, the absorption probability is small and a and b are large and 
nearly equal, so from a calculational point of view the second method is to be preferred 
over the hrst. Indeed, it will be standard practice in the matching calculations of later 
sections to ignore the small difference between a and b and simply set them equal. This 
approximation suffices when (|40|) is used. 

Finally, to obtain the absorption cross-section from the probability, the Optical The¬ 
orem is needed. Averaging over polarizations is unnecessary in view of the spherical sym¬ 
metry of the background. The result for photons in a dipole wave is 

CTabs = —P . (41) 


4-2. Matching solutions 

The work of previous sections can be boiled down to a simple prescription for com¬ 
puting the absorption probability and cross-section to leading order in the energy for min¬ 
imally coupled photons falling into a spherically symmetric black hole. The probability 
can be obtained by solving with £ = 1 and s = 1, subject to the boundary condition 
R{r) ~ as r approaches the horizon, /(r) being some real decreasing function of r. 

Far from the black hole, one will hnd R{r) ~ and the probability is then given by 


|i?(r)p 

horizon 

|i?(r)P 

oo 



(42) 


First consider the extreme black hole (|^. The radial equation 


with £ = s = 1 is 


d^ + 


- —dr P Oj ( 1 H-) + 

r + M \ r J 


M \ 2iuj 




R = 0 . 


(43) 
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A different radial variable, y = ujM‘^/r, is more natural near the horizon. In terms of y, 
(^31) can be rewritten as 


iy%y 


2uM 
y + ujM 


y^dy + (y + uMY 


2 iy{y^ - 


2y^ 


R = 0 . 


(44) 


A matching solution can be pieced together as usual from a near region (I), an intermediate 
region (II), and a far region (III). In the near region, (|4^) is simplihed by setting to zero 
all terms containing explicit factors of ljM. The intermediate region solution is obtained 
from (^^ with w = 0. In the far region, we simply make the flat space approximation, 
obtaining (^^ and (|^) . The solutions in the three regions are 


Rii — 


^ ^ -9 2 

y ^y , 

Cir , C2 


+ 


l + M/r r‘^{l + M/r) 


Rill = 2ae-^P ( 1 - - - ^ 


2p^ 


+ b- 




A match is obtained by setting 


(45) 


C, = 


a = b = 


2u;2M3 

3i 


C2 = 0 


The absorption probability and cross-section are 


16 

P=-{uMf 


IStt a 

Cfabs = ——w'M® 


(46) 


(47) 


Now consider the non-extremal generalization, 
= 1 and s = 1 is 


The radial equation (^11) with 


+ —dr + u‘ 
jr 


)/! 


— 2 iu 


1 2 


hr 2 


R = 0 . 


(48) 


As before, the far region is treated in the flat space approximation, and a solution in the 
intermediate region is obtained by solving (^) with to = 0. In the near region, the useful 
radial variable is h itself. Having the black hole near extremality is useful since one can 
approximate / ~ (1 — h) cosh^ a and drop terms in (|48|) which are small in the limit where 
CK —> cx) and toro 0 with 


A = u>ro cosh^ a. = 


u 


AtiT 


(49) 
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held fixed. The result is that (081) simplifies to 


h{l — h)d‘l — 2hdh + X^^—r— — iX^ ^ 


h 


h 


1 -h 


R = 0 , 


(50) 


which is representative of the general form of differential equation which is solved by a 
hypergeometric function of h times powers of h and 1 — h. 

The solutions in the three regions are 


Ri = 


h 


— iX 


{i-hr 

(1^ 

h 


F(-2,-1 -2zA,-2iA; h) 

ih{l + 2iX) fi^(l + 2fA)A 


1 + 


A 


- RC 2 - 


Rii = C 

JU - 

^iii = 2 ae ^1 — A — 
and a match is obtained by setting 

C'i = 


1 


l-2iX 
2 log h A 




(51) 


h J 


1 


2p2 


+ b- 


^ip 


a = b = 


i cosh^ a 
X{l-2iX) 

3 cosh^ a 


Co = 0 


(52) 


AurQX{l — 2iX) 
The absorption probability and cross-section are 


P=|(u;ro)"A(l + 4A2) 


47r 

CTab. = -^‘br5A(l + 4y) 


(53) 


5. The axion and minimally conpled fermions 

Because the solution (^ preserves a quarter of the supersymmetry, it is clearly of 
interest to compare cross-sections of particles with different spins related by the unbro¬ 
ken supersymmetry. The other particles in = 4 supergravity whose cross-sections are 
straightforward to compute are the dilaton, the axion, and those fermions which obey the 
Weyl equation. The dilaton has been dealt with at length in the fixed scalar literature 
[27, 40, 30]. The axion in fact is also a fixed scalar, as section |^.l will show. Of the four 
massless fermions, two are minimally coupled. The purpose of section |^.2 is to demonstrate 
this fact and to compute the minimal fermion cross-section. For comparison with (^^ I 
will quote here the final results: 


axion, dilaton: 
minimal fermions: 


P={uro)^il+4X^) 

P=h!^(l + 16 A= 


c^abs = 7rro(l -F4A^) 


Trrr 


f^abs 


(1 + 16A" 


(54) 
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where A = Ci;/(47rT), as in (|5^) . Note that in the extremal limit the bosonic and fermionic 
absorption probabilities qnoted in (|54D coincide.0 


5.1. The axion 


The strategy for deriving the linearized eqnation of motion for the axion is the same 
as the one nsed in [27] for the dilaton: only spherical pertnrbations of the solntion are 
considered, and a gauge is chosen where the only components of the metric that fluctuate 
are Qrr and gtt- The minimally coupled gauge helds Fi, F2, Gi, and G 2 do not affect the 
linearized axion equation because they have no background value and enter into the axion 
equation quadratically. Spherical symmetry dictates that only tr and Ocj) components of 
these held strengths can huctuate, corresponding respectively to radial electric and radial 
magnetic held huctuations. These huctuations are constrained further by Gauss’ law (||): 




Psin6* 


Ff = 


Gt 


Qsine 20 

2 ^ 3 


(55) 


The asymmetry between F3 and G3 arises because the black hole is electrically charged 
under F3 and magnetically charged under G3. The axion F is a dynamical theta-angle for 
the gauge helds, so the last relation in (|55|) should be viewed as a dynamical version of the 
Witten ehect: when the axion huctuates, an object that was magnetically charged picks 
up what seems like an electric charge in that there are radial electric helds. 

Using (1^) and ignoring the dilaton terms in the axion equation of (|^) (which is valid 
for the purpose of deriving the linearized axion equation because the dilaton has zero 
background value), one obtains 


□ F-Ff(F3*F3+G3*G3) =nF + f(G'3"*G?, + Gf *G^0) 



4p2 - 


B 


0 . (56) 


This is indeed identical to the linearized equation for the dilaton, although the “mass” 
term for the dilaton receives equal contributions 2 Q^ -\- 2P^ from the electric and magnetic 
charges in place of the 4F^ we see in (|5^). 

The radial equation for B and (f) is 


(hr'^dr)'^ -I- 


hr^ sinh^ 2 q; 


2/2 


R = 0 


(57) 


^ Similar results on the agreement of absorption probabilities due to residual supersymmetry 
have appeared elsewhere in the literature [47, 48] for the case of N = 2 supergravity. See also 
[49]. Thanks to G. Horowitz and A. Peet for bringing these papers to my attention. 
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By an analysis sufficiently analogous to the treatments in [27, 40] that it seems superfluous 
to present the details, one obtains the result already quoted in (|5^) : 

P = (wro)^(l + 4A^) (Tabs = 7rr^(l + 4A^) . (58) 


5.2. Minimally coupled fermions 

It was shown in [26] that the complete fermionic equations of motion for simple N = 4, 
d = 4 supergravity take on a simple form when written in terms of the supercovariant 
derivatives introduced in [25]. The relevant one of these equations for spin-1/2 fermions is 


iipKi 


3 2<l, 
2 ^ 


{ipB)Ki = 0 , 


(59) 


where denotes a supercovariant derivative.i 

Supercovariant derivatives in general can be read off from the supersymmetry vari¬ 
ations of a held: if 5f = then = D^f — Thus the supercovariant 

derivative of the axion is D^B = d^B + (two fermion terms). Again, terms in the equa¬ 
tions of motion which are quadratic in helds with zero background value do not contribute 
to the linearized hrst-varied equations of motion. Because the background values of the 
axion as well as all fermions are zero for the solution (P), the second term in (^^ can be 
discarded. 

A further simplihcation of (^^ can be made by dropping terms from IpAj which are 
quadratic in helds with zero background value. The supersymmetry variation of A/ is 


5A, = - G%l3hy (60) 

plus terms which vanish for the solution (^. So 

D^A, = D^A, - (61) 

^ The spinor and gamma matrix conventions conventions used here are those described in 
Appendix A of [22]. Aj is a chiral spinor with 75A/ = A/ which replaces the Majorana spinor y* 
of [26]. The gravitinos are also written in terms of chiral spinors 4'/ with I runs from 

1 to 4. Conversion to these conventions from those of [26] is discussed in [22]. I would only add 
that in the current conventions, each field is identihed with K times its counterpart in [26], and 
for notational simplicity K is then set equal to 1/2. With this choice of the gravitational constant, 
(j) and A/ are not canonically normalized; rather, they are twice the canonically normalized fields. 
So for example the kinetic term of ^ in (^ is 2{d^(f)^ rather than the canonical . 
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plus terms quadratic in fields with zero background value. In (^) and (W), I have intro¬ 
duced 5 [ 7 ^, 7 ”^] and the matrices 


f ° 

1 

0 




-1 

0 


-1 

0 

0 

0 

Pu — 

1 

0 

0 

0 

0 

0 

0 

1 

0 

0 

0 

1 

V 0 

0 

-1 

0/ 


Vo 

0 

-1 

0/ 


(62) 


The matrices a'^j and /3Pj were introduced in [41] and used in [26] to establish the SU (4) 
invariance of = 4 supergravity. 

Since the hrst variation of the equation of motion is 


iipsk, = iipsk, - - l3h)S<li = 0 , 


(63) 


For 1 = 3 and 4, the gravitino part gets killed and (|5^) is nothing but the Weyl equation 
(H). For 7 = 1 and 2, the gravitino mixes in.i 

The key point in this analysis is that the supersymmetry transformation (|60D leaves 
two of the A/ invariant no matter what e'^ is chosen to be. In view of the form of ([5^ ) 
and the prescription for reading off supercovariant derivatives from the supersymmetry 
transformation laws, this makes it inevitable that two of the Aj are minimally coupled 
fermions. The situation is related to unbroken supersymmetries, but only loosely: the 
non-extremal black hole has the same minimally coupled fermions that the extremal one 
does, and the extremal black hole preserves only one supersymmetry but admits two 
minimally coupled fermions. The condition for an unbroken supersymmetry is that the 
supersymmetry variations of all the fermions helds must vanish. So one would expect that 
there are at least as many minimally coupled fermions as unbroken supersymmetries. More 
precisely, suppose that there are n broken supersymmetries and m fer mi ons in the theory 
whose equation of motion is of the form ilpK = 0 , up to terms quadratic in helds with zero 
background value. Then there must be at least m — n minimally coupled fermions. For 
axion-free solutions to pure N = 4 supergravity, m = 4. 

The existence of minimally coupled fermions having been established, the computation 
of their absorption cross-section now proceeds in parallel to the case of minimally coupled 

^ The gravitino equation of motion has the form of the Rarita-Schwinger equation plus interac¬ 
tions. This equation also has an SO{4) index structure which is block diagonal, and the spin-1/2 
particles decouple from the / = 3,4 equations. The resulting gravitino equation, = 0, 

is less simple than the equations studied previously because the supercovariant field strength 4'po- 
involves a non-vanishing combination of the field strengths F 3 and G 3 . The problem of extracting 
from it a separable PDE like is under investigation. 
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photons. If R{r) is a solution of the radial equation (|^) with i = s = 1/2, then the 
absorption probability is once again 


P = 


|i?(r )|2 

horizon 

|i?(r )|2 

CX3 


(64) 


The justihcation for (|^) is a little different than for its analog (^) for photons because 
for fermions there is a conserved number current, 

.AAv 


Ju 


. (65) 

Here Ta is the dyadic version of SA^ or 5 A 4 . The number of fermions passing through a 
sphere in a time t is 


N = 


*{Jrdr) =t JFV 0 I 52 


52 


where 


S^x[0,t] 

T = - M) = |^_i 


/ 2 I 


I^l/2P ■ 


( 66 ) 


(67) 


The component V^i/ 2 , like (pi in the case of photons, is both the radiative component at 
inhnity for infalling solutions and the nonzero component at the black hole horizon. The 
formula (^^ thus follows from (^^ by the same analysis that gave (^^ from (|3^) . 

The radial equation (^) with £ = s = l/2is 

o2 1 A M 2f^ ■ f 1 1 2 

A matching solution can be obtained in the usual fashion: 


1 


hr 2 


R = 0 . 


( 68 ) 


Ri = 


1 - h 
1 - h 


F(— 1 , —i — 2zA, i — 2iA; h) 

1 + 4a 


1 + 


1 — h 

Ri\i = 2 q, e I 1 — 


1 -4a 

Ph 


-h 


(69) 


1 -h 


2p 


+ ib- 




with 




1 


a = h = 


1 -4a 
i 1 


(To = 0 


(70) 


coro 1 — 4a 

where as before A = Ci;/( 47 rT). The absorption probability and cross-section are 


P=h!^(l + 16 A^) 


- 2 ^P- 
^abs n R 


Trrn 


(l + lbA^) 


(71) 


The A —> 0 limit of (fflD agrees with the general result of [ 21 ]. 
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6. The effective string model 

The usual approach to effective string calculations (see for example [7, 11, 9, 16]) 
has been to derive couplings between bulk fields and the effective string by expanding 
the Dirac-Born-Infeld (DBI) action to some appropriate order. The leading terms in the 
expansion specify a conformal field theory (CFT) which would describe the effective string 
in the absence of interactions with bulk fields. The interactions are dictated at leading 
order by terms in the expansion which are linear in the bulk fields: for a scalar field a 
typical coupling would be 

'S'int = J d'^x X, x = 0)O{t, x) (72) 

where 0{t, x) is some local conformal operator in the CFT. The integration is over the 
effective string world-volume, and x is set to zero because this is the location of the ef¬ 
fective string in transverse space. One can then consider tree level processes mediated by 
5'int where a bulk particle is converted into excitations on the effective string. Although 
the applicability of the DBI action to D-brane bound states can be called into question, 
the prescription described here for computing absorption or emission rates appears to be 
very robust. In the spirit of [18], where effective string calculations were used to account 
for properties of Reissner-Nordstrom black holes without reference to any underlying mi¬ 
croscopic picture, let us examine the consequences of couplings of the general form ([721). 

Consider the absorption of a quanta of (j) with energy w, momentum p along the 

effective string, and transverse momentum p. I shall continue to use -I -signature, 

so for example p ■ x = ut — px — p ■ x. The absorption cross-section can be calculated by 
setting (/)(f, a:, T= 0) = and then treating ( [7^ as a time-dependent perturbation to 

the CFT which describes the effective string in isolation. Stimulated emission would be 
calculated by choosing rather than The t and x dependence of 0{t, x) is fixed 

by the free theory: 

0{t, x) = e*P-^C>(0, 0)e-*P-* (73) 

where p ■ x — Ht — Px, H and P being the Hamiltonian and momentum operators of the 
CFT. If one considers the perturbation (|7^) to act for a time t, then Fermi’s Golden Rule 
gives the thermally averaged transition probability as 

V = + -Pf^WO{0,Q)\i)f ■ (74) 

ij b/ 

This formula is valid for when the length L of the effective string is much larger than the 
Compton wavelength of the incoming scalar. In (j^), (3 has two components, — (3l and 
(3~ — (3r. The partition function splits into left and right sectors: 

Z = tre“^'^ = (tr^;, e“^^^+)(tri^ . (75) 
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For simplicity I take the momentum p = (w, 0, jp) of the incoming particle perpendicular to 
the brane, but clearly 0 remains valid for the case of particles with Kaluza-Klein charge. 

The summation over hnal states can become tedious when the scalar turns into more 
than two excitations on the effective string. Already in the case of hxed scalars [11], which 
split into two right-movers and two left-movers, the evaluation of this summation was a 
nontrivial exercise. It therefore seems worthwhile to develop further a method employed 
in [18] in which the absorption probability is read off from the two point function of the 
operator O in the effective string CFT. 

Allow t to take on complex values, dehning 0{t, x) by for arbitrary complex 
t. According to usual notational conventions [42], 0^{t,x) is no longer the adjoint of 
0{t,x) except when t is real; instead, is evolved from (9^ (0,0) using (ffSl). The 

conventional thermal Green’s function takes t — —ir where r is the Euclidean time: 


G{—iT, x) — {0\—iT, x)0{Q, 0)) = tr {pTr {—ir, x)0{Q, 0)}) (76) 

where p — e~^'^ jZ. One can continue to arbitrary complex t, dehning to time-order 
with respect to — A(t). The convenience of doing this is that the integral 

I d^xe‘’’-^g{t-k,x) = Y,^^(2ir)V(p + Pi-pf)\{f\0{0,0)\i)f (77) 

* J 


reproduces the right-hand side of (^4|). The proof of (^^ proceeds by inserting 
and I/)(/I (|76|) before and O respectively. 

Now let us turn to the evaluation of G{t, x). Assume that 0{t, x) has the form 


N)(*l 


0 {t,x) = 0+{x+)0-{x-) 


(78) 


where x^ = tr^x and 0-[. and O- are primary helds of dimensions and hn, respectively. 
Set z = ix~ so that, for x real and t = —ir imaginary, z = ix^. The singularities in G(t, x) 
are determined by the OPE’s of O-t- and O- with themselves: 


0 +(z)Oi(x,) 

0 -(z)Ol(w) 


(z — 


-|- less singular 


Go. 
(z — 


-|- less singular. 


(79) 


G (t, x) factors into a left-moving and right-moving piece. The imaginary time periodicity 
properties of each piece, together with their singularities, sufEce to hx the form of G{t, x) 
completely:^ 


Git \ \\ 

’ j2hL+2hpi ysinh7rT/:,x+/ \sinh7rTRX~y 


(80) 


^ Actually, there is a subtlety here: the information from periodicity and singularities must 
be supplemented by a snm rnle [42] on the spectral density to sqneeze ont an ambignity in the 
analytic continuation. 
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where Cq = Cci^Co_. 

At nonzero temperature, the absorption cross-section cannot be calculated straight 
from (0: for bosons, the stimulated emission probability must be subtracted off in order 
to obtain a result consistent with detailed balance, as described in [11], The net result is 
to set aabs^t = V{1 — e~^"P) where JF is the flux and V is read off from (0- For fermions, 
the presence of an incoming wave inhibits by the Exclusion Principle emission processes 
leading to another fermion in the same state as the incoming wave. The absorption cross- 
section must therefore be calculated using = V{1 -t- Again, this result is in 

accord with detailed balance. 

The considerations of the previous paragraph can be restated compactly in terms of 
the Green’s function: 


crabs ^ — I d^x [g{t - ie, x) - Q{t + ze, x)) 


LCo (27rTL)2^^-^(27rTij)2^«-i 
~y V{2hL)T{2hR) 2 


(81) 








One way to perform the integral in the hrst line is hrst to separate into x"*" and x~ factors 
and then to deform the contours in the separate factors by setting e = /3 l/ 2 or (3rI2. 
Assuming that bosons and fermions couple, respectively, to conformal helds with Hr + Iir 
an integer or half an odd integer, one indeed obtains the factor 1 =p e~d'P required by 
detailed balance. 


The formula (|^) represents almost the most general functional form for an absorption 
cross-section that the effective string model is capable of predicting. One possible gener¬ 
alization is for the bulk held to couple to a sum of different operators 0 {t,x), in which 
case a sum of terms like (^) would be expected. Another generalization can arise from a 
coupling of a bulk held (j) to the ehective string not through its value 4 >{t,x,x — Q) on the 
string, as shown in (ff^, but rather through its derivatives: for instance di4>{t,x,x = 0) 
where i labels a transverse dimension. In case of helds without Kaluza-Klein charge, the 
ehect of n such derivatives is simply to introduce an extra factor on the right hand 
side of (|8l|). Since the hux is JF = w for a canonically normalized scalar, the uj dependence 
of the cross-section is 

2 


CTabs ~ 


2n-l 


sinh 


OJ 


2Th 


V [hL + i- 


UJ 


) 


T [hR + i- 


u> 




(82) 


dyrTi J V ^t^Tr ) 

As we shall see in a specihc example below, the hux factor for massless fermions cancels out 
a similar factor in Co- So for a fermionic held which couples to the ehective string through 
a term in the lagrangian of the form the energy dependence of the cross-section is 


O^abs ~ cosh 


u 


2Th) 


T { Hr+ i 


UJ 


d 


AtiTr J 


V \ Hr +i 


u 


47rT^) 


(83) 
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The remarkable fact is that numerous classical absorption calculations that have ap¬ 
peared in the literature [ 6 , 7, 8 , 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21] all give 
results consistent with (^Tj) or (|82|) in the near-extremal limit. As an example, consider 
massless minimally coupled scalars falling into the four-dimensional black hole considered 
in [ 10 ], whose effective string model is derived from the picture of three intersecting sets 
of M5-branes. The absorption cross-section for the partial wave is 


I _ 
*^abs 


2 

( 2 £)! 2 ( 2 £ + 1 )!! 


sinh 


UJ 


2T, 


H 


' + l + i 


47rTi.; 


T U + l+z 


UJ 




47rTij / 


(84) 


consistent with a coupling to the effective string of the form where O has dimensions 

hi = hn = I-\-l. Another interesting example is the hxed scalar [ 11 , 40]. The cross-section 
for the s-wave in the four-dimensional case [40], with three charges equal and much greater 
than the fourth {R = ri = r 2 = ^ tk ro) is 


f^abs — 


2 u;R^ 


sinh 


u 


2T, 


H 


T ( 2 -|- i 


U) 


At^Tt 


T ( 2 -|- z 


u 


AttT, 


R 


(85) 


consistent with a coupling of the form (j)T^^T _It is not hard to convince oneself that 

the analysis of the two-point function works the same when 0{t,x) = 

as it did when 0{t, x) was the product of left and right moving primary helds. 

One naturally expects that an equal charge black hole whose metric is extreme 
Reissner-Nordstrom, like the N = A example I focused on in sections |], ^. |4.2|, and ^ 
can be obtained in the effective string picture by taking Tl ^ Tr, u. Indeed, it was found 
in [18] that ordinary scalar cross-sections in this metric, and even in the Kerr-Newman 
metric, have precisely the form one would expect from an effective string with Tr, uj. 

The cross-sections have no dependence on Tl in this limit, and the authors of [18] suggested 
a model which made no reference to the left-moving sector. Note however that left-movers 
seem the natural explanation for the hnite entropy of extremal black holes—a subject not 
addressed in [18]. In [43] it was argued in the context of N = 8 compactihcations that the 
CFT on the effective string is a (0, 4) theory with central charges cl = cr = 6. The (local) 
SU{2) R-symmetry of the right-moving sector was identihed with the group SO{3) of spa¬ 
tial rotations of the black hole. The same identihcation of a local SU{2) on the effective 
string with SO{3) was used in [18]. I will assume that an effective string description with 
4 supersymmetries and c = 6 in the right-moving sector also applies to the equal charge 
black hole of N = 4 supergravity. 

Without committing to specihc assumptions about the nature or existence of left- 
movers, one can conclude that the general form for an effective string absorption cross- 
section of massless particles is 


bosons: 


fermions: 


f^abs 


U 


2n 


+ 2iX) 


^abs ^ 


2 n 


r(l + 2iA) 

r(/i/j -|- 2iX) 


hR — 1 


= OJ 


,2n 


\{{r^ + A\^) ifh^GZ 


r(4 +2iA) 


(r 

r=l 

hR-112 


( 86 ) 


U 


2n 


JJ (r^ + AX^) ■RhReZ + 

r=l/2 
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where r runs over integers in the case of bosons and integers plus 1/2 in the case of fermions, 
and 


UJ u 

AtiT SnTfi 


(87) 


The cross-section (|5^ for minimally coupled photons hts the form with Hr = 2 and 
n = 1. The form of the coupling of the minimal photon to the effective string is further 
constrained by rotation invariance. If we represent the right-moving sector using 4 free 
chiral bosons (which are neutral under SU{2)) and an SU{2) doublet of fermions, then 
simplest coupling to the minimal photon with the right group theoretic properties is 


Ci„. = + h.c. 


( 88 ) 


where ib|_ is a left-moving held which, as noted previously, does not affect the form of 
the absorption cross-section. Recall that (pap is a held strength: one derivative is hidden 
inside it, so indeed n = 1. The indices on 4/“ are for the group SO{3) of spatial rotations, 
while the indices on p^p are for the SU{2)l half of the Lorentz group 5'0(3,1). But they 
can be contracted as shown in a static gauge description since the generators of 5'0(3) 
are just sums of the generators of SU{2)l and SU{2 )r. With the current spinor index 
conventions, an upper dotted index is equivalent to a lower undotted index if only spatial 
SOpP) rotations are considered. 

The dilaton and axion cross-sections (|S^ ) ht the form (|SB| ) with hn = 2, and so does 
the minimal fermion cross-section with Hr = 3/2. The natural guess is a coupling of these 
helds to the stress-energy tensor and the supercurrents: to linear order in all the helds, 

Ant = [{P + fS)T__ + AsaT^_ - f] F+ + h.c. (89) 

The form of (^^ is dictated by the quarter of the N = 4 supersymmetry which is preserved 
by the extreme black hole. The terms in the supersymmetry variation of Tint with no 
derivatives can shown to cancel using 

d{p -I- iB) = + eaiV2a^°‘^ 

(90) 

5T^_ = e“T__ . 

Here Cq, parameterizes what was referred to in [22] as the supersymmetry. Note that 
in the conventions outlined in the appendix, both y/2a^'^^ and V2a^^ are numerically 
the identity matrix. The left-moving sector of the CFT is assumed to be neutral under 
supersymmetry. 

The equivalence (in static gauge) of upper undotted and lower dotted indices has been 
used to simplify (|59|). The matrices and \/2a^0 can be used to convert between 
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them. The index on Tp_ has been raised in (| 8 ^) nsing A conseqnence of the second 
line in (^) is thns = —e^T_ 

The normalization of Tp_ used here differs from [44] by a factor of \/2\ if and 
Ln are the supercurrent and Virasoro generators of [44], then the present conventions are 
to set r^_(z) = ^ E„ and T{z) = E 

nonzero two point functions are 


2 ; “^Ln- On the complex plane, the 




cl2 


(91) 


(T__(^)T__ («;)) = 


{z — w)'^ 


I will also assume that the only nonzero two point function of F+ and f! is 


{Fiz)F\w)) = 


Cf 


[z — 


(92) 


Now we are ready to compute effective string cross-sections. For the dilaton, the 


operator 0{t,x) entering into the analysis of ([72D-(|8T|) is 0{t,x) = T__(a; )(F_|_(a;"'") -t- 
Fj)(a;+)). The fact that T__ is not primary does not alter the periodicity properties of 


its two-point function. Thus the arguments leading from (|7^) to (|^) still apply, and 
Co = cCp = QCp- Because of the non-canonical normalization of the dilaton held in the 
action (^), the particle hux in a wave (f) = is F = dw, four times the usual value. 

Plugging these numbers into (pTF) and taking the large limit, one obtains 


C^abs — 


2hL-l 


(SttTr)' 


r{2hL) 


(1 + 4A") 


(93) 


The axion of course yields the same result. 

The minimal fermions clearly have the same cross-section, so let us consider only 
A 3 . Let the incoming wave be Asq, = ■ With 0{t,x) — UQ,Tp_(x“)F_|_(x"'"), the 

analysis leading to (|M]) goes through as usual, yielding 




(94) 


In the second equality the equivalence of lower undotted and upper dotted indices has 
again been used. Recall that is indeed the identity matrix. The hux is F = 

Aua\/2a^°^^Ufj. (As for the dilaton, the 4 here is due to the non-canonical normalization 
of the fermion held: see the footnote at the beginning of section |5| J5.2| .) Now (^Tj) can be 
used again to give 


C^abs — 


tiLCf 


{27iTLf’^^-\2nTRy 


r{2hL) 


(1-M6A^ 


(95) 
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The effective string cross-sections (^) and stand in the same ratio as the semi-classical 
cross-sections for fixed scalars and minimal fermions qnoted in (|5^). 

Of conrse, it wonld be highly desirable to carry ont calcnlations similar to the ones 
presented here for the black holes in five dimensions that can be modelled nsing the Dl- 
brane D5-brane bonnd state. There one can hope that an nnderstanding of the soliton 
pictnre can fix overall normalizations; bnt again one expects the residnal snpersymmetry 
to fix relative normalizations between fermionic and bosonic cross-sections. 


7. Conclusion 


One of the main technical resnlts of this paper has been to show that when the 
eqnations of motion for photons or fermions are simple enongh to be analyzed by the 
dyadic index methods of [31, 32, 33], they lead to ordinary differential eqnations whose 
near-horizon form is hypergeometric. That fact alone gives their low-energy absorption 
cross-sections a form which is capable of explanation in the effective string description. 

Dyadic index methods are not essential to the analysis of minimally conpled fermions; 
indeed, the Weyl equation for fermions has been analyzed recently in [21] in arbitrary 
dimensions using more conventional techniques. However, the dyadic index method pro¬ 
vides an efficient, unified treatment of minimal fermions and minimal photons. Indeed, 
the photon radial equations (|^) and seem difficult to derive by other means. The 
existence of minimally coupled photons seems to depend essentially on the equal charge 
condition, which makes the dilaton background constant. Minimally coupled fermions, as 
I suggested in section |5|. b.2|, may be more common because their existence depends on the 
vanishing of their supersymmetry variations in the black hole background. 

are polynomials in the energy lo 


The greybody factors computed in and 
rather than quotients of gamma functions as found in [17]. This is characteristic of an 
effective string whose left-moving temperature Tl is much greater than Tr and w. These 
polynomial greybody factors are sufficient to determine the conformal dimension of the 
right-moving factor in the operator through which a field couples to the effective string, 
and the number of derivatives in that coupling. For example, the minimal photon couples 
through its field strength times a. = 2 operator. But (|5^) and (|5^) do not yield any 
information regarding the left-movers. To see the effects of left-movers, one might try to 
generalize the present treatment to black holes far from extremality, as was done recently 
in [20] for minimally coupled scalars. 

The absence of a string soliton description of the equal charge black hole in pure d = 4, 
N = 4 supergravity precludes a precise comparison of cross-sections between the effective 
string and semi-classical descriptions. However, by assuming that the effective string world- 
sheet theory is a (0, 4) super-conformal field theory whose right-moving /^-symmetry group, 
SU{2), is identified with the group of spatial rotations, it has been possible to show that 
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the relative normalizations of the dilaton, axion, and minimally coupled fermion cross- 
sections are correctly predicted by the effective string. The proposed couplings of these 
helds to the effective string are simple: the scalars couple to the stress-energy tensor while 
the fermions couple to the supercurrent. One would expect that it possible to extend this 
picture to a manifestly supersymmetric specihcation of how all the massless bulk helds 
couple to the effective string at linear order. 

There is a simple point which nevertheless is worth emphasizing: the cross-sections 
of the dilaton, axion, and minimal fermions are related by supersymmetry despite their 
different energy dependence. The energy dependence (also known as the greybody factor) 
arises from hnite-temperature kinematics. Unsurprisingly, the kinematic factors are dif¬ 
ferent for particles of different spin; but their form turns out to be hxed by the conformal 
dimension of the held by which a held couples to the ehective string. Supersymmetry acts 
on the S'-matrix, relating the coefficients I have called Cq in section |^. The predictions of 
supersymmetry regarding the absorption cross-sections of diherent particles in the same 
multiplet thus have more to do with the relative normalization than the energy dependence. 
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Appendix A. Dyadic index conventions 


This appendix presents in a pedestrian fashion the aspects of the Newman-Penrose 
formalism relevant to the rest of the paper. A readable introduction can be found in [45]; 
for an authoritative treatment the reader is referred to [35]. 

Sign conventions vary by author, and the ones used here are as close as possible to those 
of the original paper by Newman and Penrose [34] and to those of Teukolsky [31, 32]. First 
consider flat Minkowski spacetime with mostly minus metric, r]ab — diag(l, —1, —1, —1). 
The conventions on raising and lowering spinor indices are those of “northwest contrac¬ 
tion:” 

(A.l) 




/3d 


where the sign of the antisymmetric tensors is fixed by coi = = 1. In flat 

space, the conventional choice of the matrices cr“^ which map bispinors to vectors is 


0^“ = (1,7-3,^, -T 2 ) 


(A.2) 


where the matrices are the standard Pauli matrices. Vector indices are interchanged 
with pairs of spinor indices using the formulae 


a aa 

r\/rv ^ 


Vr, 


(A.3) 


where cr““ = consistent with our northwest contraction rules. There is no 

P P 

need to define matrices The metric has a simple form when written with spinor 

indices: 

■ (A.4) 

In curved spacetime, the metric g^u is again chosen with -|-signature. In this 

paper, the metric is always of the form 




(A.5) 


It will turn out to be useful to define not only the standard diagonal vierbein e“ 
diag(y^, ^/-grr, p-gee, but also a complex null tetradi 




P + P 


V2 


_ pP' 

n>^ = ^ -^ 




= 


+iet 


V2 


= 


Go — zef 


(A.6) 


72 ■ 


^ In the literature it is common to see factors of gtt included in the definitions of and 
so that seven rather than six of the spin coefficients vanish. This however complicates the 
time-reversal properties of the solutions. 
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One of the conveniences of working with spinors is that a spinor is a sort of sqnare root of 
a nnll vector: for any spinor is a nnll vector, and any nnll vector can 

be written in this form. It is important to note that in the context of the Newman-Penrose 
formalism, spinor components are ordinary commnting nnmbers, not Grassmann nnmbers. 
It is possible to introdnce a basis (o“, 6 “) for spinor space with the properties 


= 1 




CkCk d —d 

n _ 


dd d —d 

m = or 


— dd d —d 

m = i o 


A particnlar choice of (o“, t“) is 



(A.7) 


(A. 8 ) 


Dyadic indices are introdnced by dehning ~ ^ writing 'i/^r for the 

components of the spinor with respect to the basis 


= -&T ■ 


(A.9) 


The minns sign in the second eqnation is the resnlt of insisting on the same raising and 
lowering conventions for dyadic indices as for spinor indices: 

It is a familiar story [46] how the minimal SO{3, 1) connection on the local 

Lorentz bnndle is indnced from the Christoffel connection: one dehnes 


so that 






(A.IO) 


(A.ll) 


The Newman-Penrose spin coefficients are dehned in an exactly analogons way. In fact, 
they are merely special (complex) linear combinations of the It is conventional in 

the literatnre to make dyadic indices “nentral” nnder the covariant derivative V^: V^nr = 
d^vr- The covariant derivatives of spinors, by contrast, are dehned nsing the connection 
indnced from It is convenient to dehne a “completely covariant” derivative and 

a connection 7 /x^r with the dehning properties 


AiVt = - 'i/>E7n^r = p-'I’a 


(A.12) 


A brief way of characterizing the covariant derivative is to say that nnder V^, the qnantities 
Vab: e“, and cr“^ (together with their alternative incarnations 77 “^, e“^, etc.) are 
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covariantly constant. Under the quantities are covariantly constant as well. From 
( |A.12|) it is immediate thati 

7mEr = . (A.13) 

The quantities TaAfe ~ coefficients. They have the symmetry 

T^aafe ~ TaAef- With twelve independent complex components they represent the same 
information as the forty real components of the Christofiel connection T^^. It is useful to 
note that 

"%) . (A.14) 

A useful formula for calculating the spin coefficients can be given in terms of 

7AArE = = -4rAAV.<^.A . (A.15) 


Some further notational definitions are conventional in dyadic index papers: 


7o6rE 


K e 
e TT 


_ p a 
^lorE - U A 


_ a {3 
^oirE - I ^ 


7iirE 


r 7 
7 z/ 


(A.16) 


D = rv, 


A = n^V, 




M • 


(A. 17) 


For the metric (A.5), one finds 


K = TT = a = X = T = l' = 0 
e-^A' 


e = 7 = 


2^/2 


l3 — —a — 


; ^ cot 6 

2^2 


p = p = 


z-^C 


(A.18) 


where primes denote derivatives with respect to r. (|A.18| ) represents a remarkably eco¬ 
nomical way of describing the connection of an arbitrary spherically symmetric spacetime: 
there are only three independent nonzero spin coefficients, and they are real. 


® Note that I choose the sign for 7^Ars according to the convention of [31] and [34] rather 
than of [45]. 
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